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Implications of a frame dependent dark energy for the late time spacetime
metric, cosmography, and effective Hubble constant
Stephen L. Adler∗
Institute for Advanced Study, Einstein Drive, Princeton, NJ 08540, USA.
In earlier papers we showed that a frame dependent effective action motivated by the
postulates of three-space general coordinate invariance and Weyl scaling invariance exactly
mimics a cosmological constant in Friedmann-Robertson-Walker (FRW) spacetimes, but
alters the linearized equations governing scalar perturbations around a spatially flat FRW
background metric. Here we analyze the implications of a frame dependent dark energy for
the late time spacetime metric, standard cosmological distance measures, and the effective
Hubble constant, within the perturbative framework, and discuss their application to the
current tension between late time and early time determinations of the Hubble constant.
I. INTRODUCTION
Much recent attention has been paid to a tension between the values of the Hubble constant at
late cosmic times directly measured from redshifts [1], and the value at early cosmic times inferred
from the study of fluctuations in the cosmic microwave background (CMB) radiation [2]. This
tension may require recalibration of the distance ladder used in direct redshift measurements [3],
or may indicate a need for new physics [4]. In this paper we explore the role that new physics, in
the form of a frame dependent dark energy action, may play in the equations governing the late
time expansion of the universe.
The experimental observation of an accelerated expansion of the universe has been interpreted
as evidence for a cosmological term in the gravitational action of the usual form
Scosm = − Λ
8πG
∫
d4x((4)g)1/2 , (1)
with Λ = 3H20ΩΛ in terms of the Hubble constant H0 and the cosmological fraction ΩΛ ≃ 0.679.
This functional form incorporates the usual assumption that gravitational physics is four-space
general coordinate invariant, with no frame dependence in the fundamental action.
In a series of papers [5]-[8], motivated by the frame dependence of the CMB radiation, and ideas
about scale invariance of an underlying pre-quantum theory, we have studied the implications of
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2the assumption that there is an induced gravitation effective action that is three-space general
coordinate and Weyl scaling invariant, but is not four-space general coordinate invariant. This
analysis leads to an alternative dark energy action given by
Seff = − Λ
8πG
∫
d4x((4)g)1/2(g00)
−2 , (2)
which in Friedmann-Robertson-Walker (FRW) spacetimes where g00 = 1 exactly mimics the cos-
mological constant effective action of Eq. (1).
To set up a phenomenology for testing for the difference between standard and frame-dependent
dark energy actions, we made the ansatz that the observed cosmological constant arises from a
linear combination of the two of the form
SΛ = (1− f)Scosm + fSeff = − Λ
8πG
∫
d4x((4)g)1/2[1− f + f(g00)−2] , (3)
so that f = 0 corresponds to only a standard cosmological constant, and f = 1 corresponds to
only an apparent cosmological constant arising from a frame dependent effective action. In [8] we
gave detailed results for the scalar perturbation equations around a FRW background arising when
dark energy is included through the action of Eq. (3). Writing [9]
g00 =1 + E ,
gi0 =− a(t)(∂iF + vector) ,
gij =− a2(t)[(1 +A)δij + ∂i∂jB + vector + tensor] , (4)
with a(t) the usual FRW scale factor, we gave formulas in B = 0 gauge for the linearized equations
governing the scalar perturbations A, E, and F , for the general case in which these are functions
of both space and time. These equations contain the parameter f , and thus provide a basis for
discriminating between the f = 0 and f = 1 cases of Eq. (3).
In this paper we continue the analysis started in [8] of the altered scalar perturbation equations,
with the aim of determining their implications for the late time spacetime metric, and its application
to Hubble constant determinations. In Sec. 2 we study the altered cosmography implied by the
spacetime metric associated with the cosmological action of Eq. (3). In Sec. 3 we set up the
modified perturbation equation governing the zero mode that describes spacetime expansion. In
Sec. 4 we analytically discuss the small time and large time behavior of the zero mode differential
equation, reformulate this equation as an integral equation, and give its numerical solution. In
Sec. 5 we apply the numerical results to a discussion of the tension between late time and CMB
determinations of the Hubble constant. In Sec. 6 we propose a future extension of the analysis
3of this paper in order to go beyond the perturbation theory approximation. Brief conclusions
and suggestions for further work are given in Sec. 7. In the Appendix we rewrite the modified
perturbation formulas of [8] in terms of the gauge invariant scalar potentials Φ and Ψ, and show
how the rewritten equations are used to get the scalar mode differential equation studied in Secs.
3 and 4.
II. COSMOGRAPHY WITH A FRAME-DEPENDENT COSMOLOGICAL ACTION
Any cosmological perturbation Q(~x, t) can be uniquely separated into a zero mode Q(t) and a
spatially fluctuating component δQ(~x, t) by writing
Q(~x, t) = Q(t) + δQ(~x, t) , (5)
where
∫
d3xδQ(~x, t) = 0 . (6)
Since the scalars B and F appear in the metric acted on by spatial derivatives, the zero modes
B(t) and F (t) do not contribute and so can be taken to be zero. Hence in the scalar perturbation
equations restricted to zero modes, the perturbations B and F no longer appear. We can then
write
E(t) = 2Φ(t) , A(t) = −2Ψ(t) , (7)
with Φ(t) and Ψ(t) the zero modes of the standard gauge invariant scalar perturbations [9] . In
this notation, the line element becomes
ds2 = [1 + 2Φ(t)]dt2 − a2(t)[1− 2Ψ(t)]d~x2 (8)
In a fully four-space general covariant world, a coordinate transformation could be made to
reduce Eq. (8) to standard FRW form. But when the cosmological action is only three-space
general coordinate invariant, as for Eq. (3) with f 6= 0, coordinate transformations that alter g00
(apart from a constant shift in the time origin) cannot be made, and the functions Φ(t), Ψ(t) in
Eq. (8) both have a physical significance [10]. From this point on, all equations will be taken to
refer to an observer at rest in the CMB rest frame; results in other frames can be obtained by a
boost. Since the proper velocity of the solar system relative to the CMB, as measured through the
CMB dipole, is ≃ 1.2 × 10−3c, these boost effects for an earth-bound observer will be very small.
4Note that the prohibition against making coordinate transformations that alter g00 only applies in
solving the equations for the spacetime metric itself. Since all action terms involving matter in its
various forms obey the equivalence principle and are fully four-space general coordinate invariant,
once the metric is determined the motions of light and of material test bodies can be treated in the
usual fashion: light travels along geodesics, and one can transform to the rest frame of a nonzero
mass test body.
We proceed now to work out the implications of the cosmological metric of Eq. (8) for the
standard cosmographic measures discussed in Chapter 14 of Weinberg [11], working to first order
in the metric perturbations Φ and Ψ.
1. Redshift
Consider an observer at the origin of coordinates, receiving light coming in radially from a
comoving distant source. The light ray travels along a geodesic ds2 = 0, described by
dt = a
(
1− 2Ψ
1 + 2Φ
)1/2
dr = aeffdr , (9)
which to first order in perturbations gives
aeff ≃ a[1− (Φ + Ψ)] . (10)
A wave leaving a galaxy at coordinate distance r1 from the origin at coordinate time t1 reaches
the origin at time t0 given by ∫ t0
t1
dt
aeff(t)
= r1 . (11)
Since a wave leaving at t1 + dt1 and arriving at t0 + dt0 travels the same distance r1, we have∫ t0+dt0
t1+dt1
dt
aeff(t)
= r1 , (12)
which subtracting Eq. (11) gives the fundamental relation
dt1
aeff(t1)
=
dt0
aeff(t0)
. (13)
Taking dt1 and dt0 as the departure and arrival coordinate time intervals of successive wave
crests, with corresponding proper time intervals for source and observer of
dT0 = [1 + Φ(t0)]dt0 , dT1 = [1 + Φ(t1)]dt1 , (14)
we get for the ratio of frequencies ν0 = dT
−1
0 , ν1 = dT
−1
1 ,
ν0
ν1
=
[1 + Φ(t1)]dt1
[1 + Φ(t0)]dt0
=
[1 + Φ(t1)]aeff (t1)
[1 + Φ(t0)]aeff (t0)
=
a(t1)
a(t0)
1−Ψ(t1)
1−Ψ(t0) . (15)
5Reexpressed in terms of wavelength λ at emission and observation, Eq. (15) becomes
λ0
λ1
=
a(t0)
a(t1)
1−Ψ(t0)
1−Ψ(t1) . (16)
Defining the effective redshift zeff by
zeff =
λ0 − λ1
λ1
, (17)
we learn that
1 + zeff =
λ0
λ1
=
a(t0)
a(t1)
1−Ψ(t0)
1−Ψ(t1) . (18)
We reserve the notation z for the redshift determined by the unperturbed expansion a(t),
1 + z =
a(t0)
a(t1)
, (19)
and we see that
1 + zeff =(1 + z)[1−Ψ(t0) + Ψ(t1)] ,
zeff − z =(1 + z)[Ψ(t1)−Ψ(t0)] .
(20)
2. Hubble parameter
In the unperturbed cosmology, the Hubble parameter H(t) is defined by
H(t) =
da/dt
a
. (21)
With the expansion rate governed by aeff rather than a, the effective Hubble parameter is
Heff(t) =
daeff/dt
aeff
. (22)
Substituting
daeff/dt = (da/dt)(1 −Φ−Ψ)− a(dΦ/dt + dΨ/dt) , (23)
and using Eq. (21), we find to first order in perturbations,
Heff(t) =H(t)− (dΦ/dt+ dΨ/dt) ,
Heff(t)
H(t)
=1− dΦ/dt+ dΨ/dt
H(t)
.
(24)
6In particular, for t = t0, the current age of the universe, we have (with H0 = H(t0))
Heff(t0)
H0
= 1− (dΦ/dt+ dΨ/dt)|t=t0
H0
. (25)
3. Parallax distance dP
Here we follow the discussion on pages 418-420 of Weinberg [11]. For a light ray leaving a source
at r1 at an angle ǫ to the line of sight to the observer at the origin, the closest approach to the
origin is at coordinate distance ǫr1, and the impact parameter b, defined as the proper distance to
the origin is
b = a(t0)[1−Ψ(t0)]ǫr1 . (26)
The rest of the discussion proceeds as in Eqs. (14.4.7) through (14.4.10) of [11], with the result
that the parallax distance is given by
dP = lim
b→0
b
ǫ
= a(t0)r1[1−Ψ(t0)] . (27)
4. Luminosity distance dL
Here we follow the discussion of Sec. 1.4 of Weinberg [9]. We consider a source of absolute
luminosity L at coordinate distance r1 from the observer at r = 0. At the time of observation t0 the
proper area of a sphere drawn about the source and passing through the observer is 4πr21a
2(t0)(1−
2Ψ(t0)). So the fraction of light received in a telescope of aperture A is A/[4πr
2
1a
2(t0)(1−2Ψ(t0))],
and thus in the Euclidean formula for apparent luminosity ℓ = L/(4πd2), the denominator d must
be replaced by r1a(t0)(1 − Ψ(t0)). There are two additional corrections. The rate of arrival of
photons is multiplied by the rate reduction factor ν0/ν1 = 1/(1 + zeff) of Eqs. (15) and (18), and
since the energy of the received photons hν0 is less than that of the emitted photons hν1 by the
same redshift factor, there is an additional factor 1/(1+ zeff ). Thus the apparent luminosity of the
distant source is
ℓ =
L
4πr21a
2(t0)(1− 2Ψ(t0))(1 + zeff)2
=
L
4πd2L
, (28)
which defines the luminosity distance
dL = a(t0)r1[1−Ψ(t0)](1 + zeff) = a(t0)r1[1− 2Ψ(t0) + Ψ(t1)](1 + z) . (29)
5. Angular diameter distance dA
Now consider a source at r1, t1 oriented perpendicular to the line of sight to the observer at
r = 0, t0, and observed to subtend an angle θ. The coordinate distance diameter of the source is
7then r1θ, and the proper distance diameter is D = a(t1)(1 − Ψ(t1))r1θ = dAθ, which defines the
angular diameter distance dA to be
dA = a(t1)r1[1−Ψ(t1)] . (30)
6. Proper motion or comoving angular diameter distance dM
Finally, consider a source at r1, t1 moving perpendicular to the line of sight to the observer,
with velocity v⊥ relative to the frame locally comoving with the CMB [12], so that in proper time
for the source dT1 = (1 + Φ(t1))dt1 it moves a proper distance
D⊥ = v⊥dT1 = v⊥[1 + Φ(t1)]dt1 = v⊥dt0[1 + Φ(t1)]aeff (t1)/aeff (t0) . (31)
By the reasoning leading to the angular diameter distance, the source will appear to move through
an angle
θ =
D⊥
a(t1)r1[1−Ψ(t1)] =
v⊥dt0[1 + Φ(t1) + Ψ(t1)]aeff(t1)
r1aeff(t0)a(t1)
=
v⊥dt0
r1aeff(t0)
. (32)
Defining the proper motion distance dM by the angle moved in proper time T0 for the observer,
θ = v⊥dT0/dM = v⊥[1 + Φ(t0)]dt0/dM , we get
dM = r1aeff(t0)[1 + Φ(t0)] = a(t0)r1[1−Ψ(t0)] . (33)
8. Ratios
From these equations we find for ratios of the distance measures,
dA
dL
=
1
(1 + zeff)2
,
dM
dL
=
1
1 + zeff
,
dA
dP
=
1
1 + zeff
.
(34)
Up to this point we have kept Φ and Ψ as distinct perturbations. However, in the matter
dominated era, it is consistent to solve the ∂i∂j part of the spatial Einstein equation (c.f. Eq. (A2)
for Y ) by taking [13] Ψ = Φ. Equation (8) then becomes
ds2 = [1 + 2Φ(t)]dt2 − a2(t)[1− 2Φ(t)]d~x2 , (35)
and Eq. (10) simplifies to
aeff ≃ a(1− 2Φ) . (36)
8The remaining equations then become
1 + zeff =(1 + z)[1 −Φ(t0) + Φ(t1)] ,
zeff − z =(1 + z)[Φ(t1)− Φ(t0)] ,
Heff(t)
H(t)
=1− 2dΦ/dt
H(t)
,
λ0
λ1
=1 + zeff ,
ν0
ν1
=
1
1 + zeff
,
dP =a(t0)r1[1− Φ(t0)] ,
dL =a(t0)r1[1− Φ(t0)](1 + zeff) ,
dA =a(t1)r1[1− Φ(t1)] ,
dM =a(t0)r1[1− Φ(t0)] ,
dA
dL
=
1
(1 + zeff)2
,
dM
dL
=
1
1 + zeff
,
dA
dP
=
1
1 + zeff
.
(37)
III. MODIFIED PERTURBATION EQUATION FOR THE ZERO MODE Φ(t)
We now turn to the question of deriving the time evolution of the scalar zero mode Φ(t). In
[8], we derived the modified scalar perturbation equations in terms of the perturbations A, E, and
F in B = 0 gauge. In the Appendix we give the same perturbation equations reformulated in
terms of F and the gauge invariant perturbations Φ and Ψ. Starting from the formulas given in
the Appendix and setting Ψ = Φ, the perturbation equations governing the time evolution of Φ(t)
can be put into the form (with ˙= d/dt)
Φ¨ + 4
a˙
a
Φ˙ +
(
2
a¨
a
+
a˙2
a2
)
Φ = 4πGδp + 2ΛfΦ , (38)
with δp the pressure perturbation. When the term proportional to f is dropped, this agrees with
Eq. (7.49) of Mukhanov [14] and Eq. (23c) of Ma and Bertschinger [15] when their conformal
time derivatives are converted to time derivatives. In the matter-dominated era, δp vanishes for
9adiabatic perturbations, so then we can drop the δp term in Eq. (38), giving
Φ¨ + 4
a˙
a
Φ˙ +
(
2
a¨
a
+
a˙2
a2
)
Φ = 2ΛfΦ . (39)
It is convenient now to go to a dimensionless time variable
x =
3
2
√
ΩΛH0t , (40)
which at the present era is
x0 =
3
2
√
ΩΛH0t0 ≃ 1.169 , (41)
where we have used the Planck 2018 values [2] ΩΛ = 0.679, H
−1
0 = 14.62 Gyr, t0 = 13.83 Gyr.
Converting Eq. (25) to this variable, we have for the effective Hubble constant at t = t0,
Heff(x0)
H0
= 1− 3√ΩΛdΦ/dx|x=x0 . (42)
In terms of the dimensionless variable x, the scale factor a(t) is given in closed form [16] by
a(t) =
(
Ωm
ΩΛ
)1/3 (
sinh(x)
)2/3
, Ωm = 1− ΩΛ , (43)
from which we get a simple form for H(t) = a˙/a,
H(t) =H0
√
ΩΛ coth(x) , coth(x) = cosh(x)/ sinh(x)
=H0[Ωm(1 + z)
3 +ΩΛ]
1/2 .
(44)
and so Eq. (24) gives for the effective Hubble parameter at general x,
Heff(x)
H(x)
= 1− 3 dΦ/dx
coth(x)
. (45)
Substituting Eq. (43) into Eq. (39), we get the evolution equation for Φ in terms of x,
d2Φ
dx2
+
8
3
coth(x)
dΦ
dx
=
4
3
(2f − 1)Φ . (46)
IV. LARGE AND SMALL x BEHAVIOR OF THE ZERO MODE EQUATION AND
NUMERICAL SOLUTION
Before proceeding to the numerical solution of Eq. (46), we examine analytically the large and
small x behavior of the solutions. For large x the function coth(x) approaches unity, and Eq. (46)
10
becomes an equation with constant coefficients solved by exponentials,
Φ(x) =C1e
µ+x + C2e
µ−x ,
µ± =− 2
3
[2± (6f + 1)1/2] .
(47)
As suggested already by the factor 2f − 1 in Eq. (46), there is a crossover in behavior at f = 1/2.
For f < 1/2, both exponents in Eq. (47) are negative, and Φ decays to zero as x → ∞. For
f = 1/2, one exponent is negative, while the other is zero, and Φ approaches a constant as x→∞.
For f > 1/2, one exponent remains negative, while one is positive, and Φ becomes infinite as
x→∞. So for f = 1, the case of a scale invariant cosmological action, the metric perturbation Φ
grows with time.
We examine next the small x behavior, where the term proportional to 2f − 1 becomes much
less important than the terms on the left of Eq. (46). This equation is then approximated by
d2Φ
dx2
+
8
3
1
x
dΦ
dx
= 0 , (48)
with the general solution
Φ(x) = C3 + C4x
−5/3 . (49)
This shows that sufficient boundary conditions for getting a unique solution are the requirements
that the solution be regular at x = 0, together with specification of the value Φ(0).
With this analysis in mind, we rewrite Eq. (46) as an integral equation. Defining the normalized
perturbation
Φˆ(x) = Φ(x)/Φ(0) , (50)
Φˆ obeys the integral equation
Φˆ(x) = 1 +
4
3
(2f − 1)
∫ x
0
dw(sinh(w))−8/3
∫ w
0
du(sinh(u))8/3Φˆ(u) , (51)
which incorporates both the boundary conditions at x = 0 and the differential equation of Eq.
(46). Starting from an initial assumption Φˆ(x) = 1, and then updating at each evaluation of the
right hand side of Eq. (51), the integral equation converges rapidly to an answer in 5 iterations on
an 800 bin mesh [17] taking integrand values at center-of-bin. The results for dΦˆ/dx with f = 1 are
given in Table I, for various values of x ranging from 0 to x0, showing that dΦˆ/dx|x=x0 is positive.
Consistent with the large time analysis given above, when we repeat the calculation with f = 0 we
find a negative value of dΦˆ/dx|x=x0 .
11
TABLE I: Values of dΦˆ/dx and Φˆ versus x/x0 and redshift z, calculated with f = 1, that is, with all of the
observed cosmological constant arising from a scale invariant but frame dependent action.
x/x0 z dΦˆ/dx Φˆ
1.0 0.00 0.409 1.244
0.9 0.10 0.369 1.198
0.8 0.22 0.331 1.158
0.7 0.36 0.290 1.121
0.6 0.54 0.251 1.089
0.5 0.77 0.209 1.062
0.4 1.08 0.169 1.040
0.3 1.55 0.126 1.023
0.2 2.36 0.0848 1.010
0.1 4.36 0.0416 1.0026
V. APPLICATION TO THE HUBBLE CONSTANT TENSION
From Eq. (42) we get
Heff(x0)
H0
= 1− 3Φ(0)√ΩΛdΦˆ/dx|x=x0 , (52)
so the value dΦˆ/dx|x=x0 = 0.409 from Table I gives 3
√
ΩΛdΦˆ/dx|x=x0 = 1.011. Hence to get
the observed Hubble tension Heff(x0)/H0 − 1 ≃ 0.1 requires Φ(0) ≃ −0.1, with the negative sign
corresponding to an attractive potential.
Now two questions must be addressed: (1) Is a value Φ(0) ≃ −0.1 consistent with the observed
∼ 10−5 angular fluctuations of the CMB? (2) Is the value of Φ(0) that fits the Hubble tension
measured at z = 0 consistent with Hubble constant measurements reported at other small z values,
and specifically the measurements using baryon acoustic oscillations [18] at z ≃ 0.5? To address
these questions we give in Table II a tabulation of the same quantities as in Table I, together
with the fractional change in the Hubble parameter Heff(t)/H(t) − 1, versus a range of z values,
including z = 0.5 and also a few at very large z. We shall see that the answer to the first question
is “Yes”, and to the second question is “Undecided”.
Taking up question (1), we give several arguments which show that there is no conflict. The
first is that the Sachs-Wolfe effect (see [9] and [14] for expositions) states that the CMB fractional
temperature variation δT/T receives a gravitational redshift contribution of order δΦ. In terms
of the splitting of Eq. (5), this implies that the spatial fluctuation part δΦ(~x, t) is of order 10−5,
12
TABLE II: Values of dΦˆ/dx and Φˆ, together with Heff(x)/H(x) − 1 and zeff − z for Φ(0) ≃ −0.1, versus x
and redshift z, calculated with f = 1, that is, with all of the observed cosmological constant arising from a
scale invariant but frame dependent action.
z x dΦˆ/dx Φˆ Heff(x)/H(x) − 1 zeff − z
0 1.169 0.409 1.244 0.101 0.0
0.1 1.054 0.370 1.200 0.0871 0.0049
0.2 0.955 0.336 1.164 0.0748 0.0097
0.3 0.868 0.307 1.136 0.0646 0.0141
0.4 0.792 0.281 1.113 0.0555 0.0183
0.5 0.726 0.258 1.095 0.0480 0.0223
0.6 0.668 0.239 1.081 0.0418 0.0261
0.7 0.616 0.221 1.069 0.0364 0.0298
0.8 0.571 0.204 1.059 0.0316 0.0333
0.9 0.530 0.191 1.051 0.0278 0.0367
1.0 0.494 0.178 1.045 0.0244 0.0400
10 0.0399 0.0131 1.0003 1.56× 10−4 0.268
100 0.00143 1.82× 10−4 1.0000 7.84× 10−8 2.47
but this places no constraint on the size of the zero mode Φ(t). Secondly, the highly accurate
Planck fits to the CMB fluctuations use multipoles with ℓ ≥ 2, and thus do not constrain the
monopole moment of the potential Φ. In fact, from Table II we see that at large redshifts z, Φ(t)
is a constant to high accuracy, because cosmological constant effects are negligible at early times.
(This corresponds to the constant term C3 in the small x solution of Eq. (49).) Hence for small
x or t the factors 1 ± 2Φ can be scaled out of the line element by redefining the units of t and ~x,
with no effect on the CMB angular fluctuation analysis. Thus, the CMB analysis does not give
constraints on Φ(0).
Taking up question (2), we see that with the parameter Φ(0) that fits the z ≃ 0 Hubble constant
determination of [1], the predicted fractional increase of Heff(x)/H(x)− 1 is 4.8 percent at z = 0.5
This corresponds to a predicted value H0 = 70 km s
−1 Mpc−1, outside the errors of the value
H0 = 67.6± 0.5 km s−1 Mpc−1 at z ≃ 0.5 quoted by [18], based on galaxy clustering from baryon
acoustic oscillations. This accords with the data analysis of Lemos, Lee, Efstathiou, and Gratton
[19] who conclude that it is not possible to reconcile the CMB value of H0 with that obtained
by direct measurement in [1] “by invoking new physics at low redshifts”, as done in our model.
However, the analysis of both of these papers assumes the standard cosmography relations, whereas
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we have seen in Sec. 2 that our model changes some of these [20]. Thus, to reach a firm conclusion
on the comparison of our model with late time data, it will be necessary to do a reanalysis of all
experiments, using the modified cosmography relations of Sec. 2, and our numerical solution for
Φ(t) of Secs. 3 and 4, as a function of the one free parameter of the model Φ(0).
VI. NON-PERTURBATIVE EXTENSION OF OUR ANALYSIS
Finally, we note that the use of metric perturbation theory in the calculations above is a
convenience motivated by the prior perturbative analysis of [8], together with the fact that the
effects being calculated are small. But the focus on metric perturbations is not necessary, and the
calculations could be done without use of a perturbation expansion. Writing a21(t) = 1+2Φ(t) and
a22(t) = a
2(t)
(
1− 2Ψ(t)), the line element of Eq. (8) takes the form
ds2 = a21(t)dt
2 − a22(t)d~x 2 , (53)
which is the general form for the line element in a homogeneous, isotropic, zero spatial corvature
universe in which physics is invariant under three-space general coordinate transformations, but
not four-space general coordinate transformations. Setting up the Einstein equations using the line
element of Eq. (53) should allow a nonperturbative calculation of the effects studied via metric
perturbations in this paper. In future work we plan to follow up on this more general approach.
VII. CONCLUSION
To conclude, if the dark energy action is frame dependent, the expansion factor a(t) of the
standard ΛCDM cosmology is replaced by two functions, a(t) and Φ(t) of Eq. (35), or more
generally the functions a1(t) and a2(t) of Eq. (53). This modified expansion dynamics forms a
one-parameter family of cosmologies, which allows the late time and early time effective Hubble
constants to differ by an amount proportional to the parameter Φ(0), and also modifies the standard
cosmography relations at late time. Directions for future work include non-perturbative extension
of the theory given here, and reanalysis of late time experiments using the modified cosmography
that our theory implies. On the other hand, the effects we predict are negligible at recombination,
and so the very successful fits to the CMB angular anisotropy data are not modified.
14
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Appendix A: Perturbation equations rewritten in terms of Φ and Ψ
In [8] we gave the metric perturbation equations for f 6= 0 in B = 0 gauge in terms of A, E,
and F . Here we give the same equations when rewritten in terms of Ψ, Φ, and F , obtained by
substituting the B = 0 gauge relations
E =2[Φ− ∂t(aF )] ,
A =− 2[Ψ + a˙F ] .
(A1)
The ij equation takes the form
0 =δijX + ∂i∂jY ,
X =2[aa¨+ 2(a˙)2]Φ + aa˙Φ˙ + 6aa˙Ψ˙ + a2Ψ¨−∇2Ψ
+4πGa2(δρ − δp−∇2πS)− 4πG[a˙a24(p+ ρ) + a3(ρ˙/3 + p˙)]F
+Λfa2(t00/2− E) ,
Y =8πGa2πS +Φ−Ψ .
(A2)
The i0 equation becomes
0 = −2(a˙/a)∂iΦ− 2∂iΨ˙− 8πG(p + ρ)(∂iδu − a∂iF ) + Λft0i , (A3)
and the 00 equation becomes [21]
0 =Z = −(1/a2)∇2Φ− 3(a˙/a)Φ˙− 6(a¨/a)Φ − 3Ψ¨− 6(a˙/a)Ψ˙
+4πG[δρ + 3δp +∇2πS + a(ρ˙+ 3p˙)F ]
+Λf(t00/2 + 3E) .
(A4)
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Taking the linear combination (1/4)a2Z + (3/4)X + (1/4)∇2Y gives
0 =−∇2Ψ+ 3aa˙Ψ˙ + 3(a˙)2Φ+ Λfa2t00/2
+4πGa2[δρ − 3a˙(p+ ρ)F ] ,
(A5)
and using this to eliminate −∇2Ψ from X we get
a2Ψ¨ + [2aa¨+ (a˙)2]Φ + aa˙Φ˙ + 3aa˙Ψ˙ =4πGa2(δp +∇2πS) + 2Λfa2[Φ− a˙F − aF˙ ]
+4πGa3p˙F .
(A6)
For the zero modes that are only functions of t, using F (t) = 0 and ∇2πS(t) = 0 this simplifies,
after division by a2, to
Ψ¨ + [2(a¨/a) + (a˙/a)2]Φ + (a˙/a)Φ˙ + 3(a˙/a)Ψ˙ = 4πGδp + 2ΛfΦ . (A7)
When Ψ = Φ, this gives Eq. (38) of the text. The point of the manipulations leading to Eq. (A7)
is to eliminate both energy densities δρ and t00 from the equation used to solve for Φ.
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